A complete continuous time formulation of the Regge calculus is presented by developing the associated continuous time Regge action. It will be shown that the time-constraint is, by way of the Bianchi identities (which will also be developed in detail), conserved by the evolution equations. This analysis will also lead to an explicit first integral for each of the evolution equations. The dynamical equations of the theory will therefore be reduced to a set of first order differential equations. In this formalism the time-constraints will reduce to a simple sum of the integration constants. This result is unique to the Regge calculusthere does not appear to be a complete set of first integrals available for the vacuum Einstein equations. † Present address :
Introduction.
In some recent investigations [1, 2] attempts have been made to develop a "3+1" version of the Regge calculus in which time enters as a continuous function. A crucial part in these investigations is the development of the appropriate continuous time Lagrangian. The method by which this is achieved is perhaps the single biggest difference between the work to be presented here and that reported by Piran+Williams and Friedman+Jack. In their approach they chose to interpret the various terms of the classical Lagrangian (for smooth spacetimes) in the context of a Regge spacetime. Some difficulties where encountered in their approach. In particular no simple and consistent interpretation for how the shift functions should enter the theory could be found. There was also some difference between the definitions provided by Piran+Williams and Friedman+Jack of the lapse functions.
The philosophy that motivates the approach to be developed here is that the correct theory should arise as a limit of the full 4-dimensional theory of the discrete Regge spacetimes as the time separation between the leaves of the foliation is reduced to zero. The resultant theory does, in fact, avoid all of the above problems.
The structure of the generic discrete Regge spacetime is discussed in section § 1. In the following section the behaviour of the various terms in the discrete action are investigated as the time step is reduced to zero. This leads to a rather simple continuous time action integral from which the appropriate field equations are derived in section § 3. In that same section two important results are obtained. The first result is that each evolution equation can be written explicitly as a total time derivative. This leads directly to an explicit first integral for each evolution equation. A direct consequence of this result is that the time-constraints are conserved by the evolution equations. A central step in the proof of these results makes use of the Bianchi identities. These identities are derived in the final section of this paper.
The Generic Block.
The Regge spacetimes to be considered here are those that represent the evolution of some 3-dimensional manifold. It will be assumed, for the moment, that the time step between successive leaves is non-zero. In the following sections the theory will be extended by reducing the time step to zero. Each leaf of the foliation is a 3-dimensional space built from a set of tetrahedra. Little will be assumed about the combinatorial structure of each leaf with the exception that the usual regularity conditions (ie. the tetrahedra do not overlap, they form a well defined 3-dimensional manifold; see Hartle [3] for more details) shall be satisfied. In the discrete Regge spacetime the basic building block will be the section of the worldtube of one tetrahedron as it evolves form one leaf to the next leaf. The following notation and structure of the basic building block is based upon that in Brewin [4] .
The various leaves of the foliation will be denoted by S i while the j th tetrahedron of S i will be denoted by s ij . Let T j be the worldtube associated with s ij and then define T ij as the section of T j contained between S i and S i+1 . The T ij are the basic building blocks. The three-dimensional timelike faces of T ij generated by the evolution of each triangle of s ij will, in general, be non-planar. Generally in the Regge calculus one tries to avoid non-planar faces, thus for each of these timelike faces three extra diagonal legs are introduced so as to divide each face into three tetrahedra (see Fig(1) ). There are six distinct ways in which this sub-division can be introduced -each choice is equally acceptable.
Let each vertex of the spacetime be given a unique label and let (i) represent the i th vertex.
The image of (i) in the next leaf will be written as (i ′ ) and in general the prime superscript ′ will be used to represent the future image of the associated object. The various objects in the spacetime (the legs,triangles etc.) can be referenced by listing the various verticies associated with that object. A similar form of indexing can also be applied to the spacelike legs. Thus to each leg of the form (ij) there will be an associated index k for that leg. The length of that leg will be denoted by L k . The length of the diagonal which lies directly above this leg will be denoted by d k . The timelike legs, which will now be referred to as struts, will be denoted by (ii ′ ) and will have the length ∆t i .
The geometry of any block is fully determined by specifying
iii) the four ∆t i that join s ij to s ′ ij and iv) either the six d k associated with the six L k or six of the angles γ ik defined through
The γ ik are the angles between the struts (ii ′ ) and the legs (ij) (with index k) of the triangles
(A definition of the hyperbolic angles may be found in Brewin [4] ).
In any Regge spacetime built from these blocks there will be three distinct classes of bones, namely i) the purely spacelike bones of the form (ijk),
ii) the purely timelike bones of the form (ijj ′ ) and (ii ′ j ′ ) and iii) the diagonal bones of the form (ijk ′ ) and (ij ′ k ′ ).
Thus the most general Regge action will be of the form
where α, β and ǫ are the defects associated with the timelike, spacelike and diagonal bones and the A, B and E are the areas of these bones.
The Continuous Time Action.
Rather than developing a theory by extremizing the discrete action and then reducing the time step to zero the converse and simpler approach will be adopted. The field equations that arise from either approach are identical (see Lanczos [5] ). Thus the main objective of this section is to develop an integral version of the discrete action(2.2).
The continuous time parameter λ is introduced by defining it as any continuous monotonic function that uniquely labels each leaf of the discrete foliation (ie. the integral index i on each S i is now replaced with the continuous index λ, the S i will then be equivalently denoted by S λ ). Let ∆λ be the typical change in λ between successive leaves. Now as ∆λ → 0 it follows (if the action is to remain finite) that each of the β i , β ′ i , ǫ i , ǫ ′ i and the A i , A ′ i must vanish. One immediate consequence of the ǫ's vanishing is that α ′ i → α i (this follows from the Bianchi identities (see section § 5) as applied to the diagonals). Thus it follows that
However A i + A ′ i is just the area of the trapezium generated by one of the spacelike legs. For simplicity this quantity will, from now on, be denoted by just A i .
Another simplification arises from the observation that
The terms inside the brackets in this expression will be denoted by just β i from now on.
Clearly these simplifications can be introduced prior to the extremization of the action.
Thus the basic starting point for the following analysis is the action
Since both A i and β i vanish as ∆λ → 0 their Taylor series expansions are
It follows that
in which the summation now includes only those terms associated with the typical leaf.
Now for any value of ∆λ it is true that
(the verticies of the trapezium are (1), (2), (1 ′ ) and (2 ′ ), see Fig (2)). Now define the lapse functions by
Notice that as ∆λ → 0 then d i → L i and γ ′ ij → −γ ij , thus the action integral will depend on both γ 1i and γ 2i . However as there can be only one independent γ per leg there must exist one constraint for each leg. This constraint can be derived by noting that the length of the diagonal (12 ′ ) (see Fig(2) ) may be expressed in two ways, namely
Now by eliminating the d i and then letting ∆λ → 0 it follows that
This is the required constraint and could be used to eliminate one of the γ's. Rather than doing this it is in fact easier to introduce this constraint into the action integral by way of a set of Lagrange multipliers.
Let ρ i be the Lagrange multipliers. The (extended) action integral may be written
(the notation has been simplified by writing I instead of lim ∆λ→0 I). The first and last sums are sums over the legs while the second sum is a sum over the triangles of the typical leaf.
The Field Equations.
In the action integral (3.7) the independent variables are the L i , N ij , γ ij and the ρ i . When taking variations in the N ij it is important to remember that some of the N ij are equal.
Specifically, N ij = N ik for all legs L j and L k attached to vertex (i).
In extremizing the action the defects may, as a consequence of Regge's identity, be treated as if they were constants. This leads to the following field equations.
The summation in There are some obvious similarities between this formalism and the ADM [6] formalism.
The N ij are the lapse functions of our theory and should give rise to a set of first order equations, the usual time-constraint. It is not hard to see that (4.1) is in fact a first order equation. Now the shift functions, which have caused much trouble in previous investigations (see [1, 2] ), have not been clearly defined in this theory. If one did not specify the lengths of the diagonals in the discrete spacetime then the individual leaves of the foliation would be free to slide over each other. Specifying the lengths of the diagonals freezes out this freedom and therefore the diagonals (or equivalently, the γ's) play the role of the shift functions. The related field equations should also be first order, which by inspection of (4.2) is clearly true. Some immediate simplifications of these equations can be made. From (4.2) it is clear that
and consequently
The remaining field equations can now be reduced to 
The two terms in the first pair of brackets may be simplified by using the Bianchi identities, which for each spacelike leg may be written as (see section § 5)
In the second pair of brackets the N i can be eliminated by using (4.5). The resulting equation
An integration of this expression then leads to
where the c i are a set of constants that must satisfy the constraint (4.4), namely,
This result shows that the constraint equations (4.4) are conserved by the evolution equations (4.6).
This pair of equations together with (4.5) is a simple set of first order differential equations from which the dynamics of the spacetime may be fully determined. The c i would be chosen during the solution of the initial value problem after which the L i would be evolved by an integration of (4.8) and (4.5) (eg. by employing a Runge-Kutta method). It is clear that in this scheme the N i may be freely chosen.
One may well ask why there are no constraints associated with the γ's. The reason for this is that there are no continuous symmetry groups for these Regge spacetimes other than the simple re-parameterization of the time coordinate, λ. This of course leads to the conserved constraint (4.4). However this only arises as a true constraint as a consequence of adopting a continuous time formalism. In the full discrete theory one is forced in general to evolve the lengths of each leg, strut and diagonal. Thus neither the lapse nor the shift functions can be freely chosen -they must be evolved along with the L i . Now in going to the continuous time formalism the freedom to choose the lapse function has been regained together with the conserved constraint. The shift function must still be evolved from the field equations (ie. from (4.5)). It seems reasonable to expect that the freedom to choose the shift functions may only arise by reducing the spatial discretization size to zero.
The Bianchi Identities.
Consider a set of bones that share one leg in common. Let θ i be the defect and (U µ ν ) i be the oriented bi-vector associated with the i th bone. Then the Bianchi identity, as proved by Regge [7] , is just
where I is the identity matrix. This is the usual relation that "the boundary of a boundary vanishes". There is one such relation for each leg, strut and diagonal of any Regge spacetime. This relation will be developed in full only for the spacelike legs.
In section § 1 all of the terms associated with the defects on the diagonal bones (ie. the ǫ's)
where absorbed into the terms associated with the spacelike bones (ie. the β's). Exactly the same situation will arise here, so at the outset it will be assumed that the ǫ terms have been re-grouped with the β terms. Now consider any one spacelike leg and the set of bones that meet at this leg. This set will consist of two timelike bones and a group of spacelike bones. Denote the timelike bones by σ i and σ ′ i (with σ ′ i lying in the future of σ i ) and the spacelike bones by ρ i . As ∆λ → 0 the defects on the ρ i vanish while the defects on σ i and σ ′ i become equal. Thus to first order in ∆λ the identity becomes
where the summation includes only those ρ i attached to this leg and (V µ ν ) i is the oriented bi-vector for ρ i . The small defects on the the ρ i are denoted by ∆β i . Each of the bi-vectors must be correctly oriented. One way of doing this is to imagine that you are sitting on the central leg and that you are looking out along one of the bones. At some distance form the central leg draw the 2-dimensional plane generated by the bi-vector. Now choose the orientation of that bi-vector so that it generates clockwise rotations as seen from your position on the central leg.
As both (U µ ν ) i and (U ′ µ ν ) i are spacelike
and since the bones σ i and σ ′ i point in opposite directions
when ∆λ is small. Now form the scalar equation
by contracting the identity with −
Thus upon letting ∆λ → 0 the scalar identity may be written as
where φ ij is the hyperbolic angle from ρ j to σ ′ i . Now consider one spacelike bone ρ j and let its area be B j . The increment in the area, ∆B j , in going from one leaf to the next is (see Fig(3) )
where the sum includes the three legs of ρ j . But ∆e k = sinh φ kj ∆h k and ∆h k = cosh γ k N k ∆λ .
This leads to
However one also has
It follows that 0 = k 2 ∂B j ∂L k sinh γ k − L k cosh γ k sinh φ kj N k ∆λ for any choice of N i . Now since the φ ij are functions of only the L i and the γ i the individual terms in this sum must vanish. Consequently
Combining this expression with (5.2) and then substituting back into (5.1) will lead to
A similar analysis can be applied to the bones that meet on the diagonal legs and leads to the simple result that
as claimed in section § 1.
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